It is well known that interpreting the cosmological constant as the pressure, the AdS black holes behave as the van der Waals thermodynamic system. In this case, like a phase transition from vapor to liquid in a usual van der Waals system, black holes also changes phases about a critical point in the P -V picture, where P is the pressure and V is the thermodynamic volume. Here, we give a geometrical description of this phase transition. Defining the relevant Legendre invariant thermogeometrics corresponding to the two criticality conditions, which determine the critical values of respective thermodynamical entities, we show that the critical point refers to the divergence of the Ricci scalars calculated from these metrics. The similar descriptions are also provided for the other two pictures of the van der Waals like phase transition: one is T -S and the other one is Y -X where T , S, X and Y are temperature, entropy, generalized force and generalized displacement; i.e. potential corresponding to external charge, respectively. The whole discussion is very general as no specific black hole metric is being used.
I. INTRODUCTION
The pioneering works of Bakenstein [1] and Hawking [2, 3] first exhibited the thermodynamic property of the black holes which was the stepping stone of today's well-established conviction that the black hole horizons have thermodynamic structure in any gravitational theory. Later various properties of the black holes were studied in the thermodynamical way. To be on a per with the conventional thermodynamics, the phase transition in the black hole system is being explored since long ago, commenced by Davis [4] and later by Hawking and Page [5] in AdS background. The results were extended further for the charged black holes with the analogy with the van der Waals fluid system [6, 7] . However, these works were unable to formulate the proper definition of pressure and the volume to investigate the P-V criticality of a black hole precisely. It must be mentioned that one can find the identification of the inverse of the horizon temperature and the radius of the black hole horizon as the pressure and the volume respectively in these earlier works.
The anomaly was solved later only when the cosmological constant was endowed with the role of the pressure with a modified version of the first law [8] [9] [10] [11] [12] where the black hole mass is identified as the enthalpy on the extended phase space. Recently, the introduction of the pressure term has been extended for the cases with quintessence, non-linear electromagnetism etc. [13, 14] . While studying the phase transition of the black holes two approaches caught the attention of the physicists: one approach deals with the divergence of the heat ca- * krishnakanta@iitg.ernet.in † bibhas.majhi@iitg.ernet.in pacity and the inverse of the isothermal compressibility [15] [16] [17] [18] [19] [20] [21] and the other one discusses the phase transition of black holes in the AdS background with the cosmological constant being treated as the pressure. In the latter description the whole black hole system has been mapped to the van der Waals fluid system successfully in many avenues with the fact that the P -V diagram of the black holes at constant temperature and charges in the extended phase space looks exactly similar to the P -V diagram of the isotherms of the van der Waals gas system in the conventional thermodynamics. Using the criticality conditions, the critical exponents of the black hole phase transition are found to be those of the usual van der waals system [22] (See also [23] for a recent review and list of all relevant references on this topic)
1 . Recently, these two types of phase transition have been described in a general framework by one of the authors [24, 25] which shows that the values of the critical exponents are universal, not restricted to particular black hole.
The phase transition, characterized by the divergence of the heat capacity, can be described in terms of geometry. This geometrical interpretation of the thermodynamic properties of the black holes was first introduced by Weinhold [27] who defined a metric to describe the thermal property in a geometrical way. Later Ruppeiner [28, 29] developed another metric which is conformally equivalent to the Weinhold's metric where the inverse of the temperature is the conformal factor. The underlying idea of these works were to interpret the thermal interaction in terms of the curvature of the geometry. But, these two earlier metric formalism are not consistent to each other. Recently, Quevedo et al. has claimed that those inconsistency appears due to the fact that those metrics are not Legendre invariant and they have shown how to formulate the thermogeometrical metric in a Legendreinvariant way [30] [31] [32] [33] [34] [35] [36] . This have been further extended for the charged phantom AdS black holes [37, 38] . Therefore, from the analysis of the criticality in terms of the heat capacity, one can define a thermogeometrical metric in a Legendre invariant way such that the scalar curvature (Ricci scalar) diverges where the phase transition occurs, thereby interpreting the phase transition point as one with the diverging scalar curvature of the thermogeometrical metric. This method has been generalized more convincingly in a recent work by one of the authors [39] where no explicit black hole metric has been used. Here, it has been argued that the divergence of the Ricci scalar for the relevant Legendre invariant thermogeometrical metric can be the signature of the true phase transition.
Our aim of this paper is to give the geometric interpretation of the P -V criticality in a general way; i.e. in a metric independent way. The idea is similar to the geometrical interpretation of phase transition defined in terms of the inverse of the heat capacity. As we know in P − V picture, the pressure is expressed as a function of volume (V ), temperature (T ) and other external charges, denoted here by Y i . Then for constant T and Y i , the critical point is defined by the two simultaneous conditions (∂P/∂V ) T,Yi = 0 and (∂ 2 P/∂V 2 ) T,Yi = 0: one corresponds to the vanishing of the tangent of curves in the P − V diagram and the other one refers to the point of inflection. Use of these two leads to the critical values of the respective thermodynamical entities. Our precise goal is to describe these two conditions in terms of the thermogeometry in a covariant way. Since, the conditions are completely independent here we need two thermogeometrical metrics to describe them. We shall construct the explicit expressions of the thermogeometrics and show that for each condition the corresponding Ricci scalar diverges at the critical point. Here, the metrics will be constructed in a Lagendre invariant way borrowing the original idea presented in [30, 34] .
It should be mentioned that besides P − V criticality there are also T − S [40] [41] [42] [43] [44] [45] [46] and Y − X criticalities [47] for the AdS black holes where Y refers to the charge corresponding to the potential X. It has been observed that the AdS black holes can behave like van der waals system when one looks at the thermodynamics either in T − S picture or in Y − X picture. In these cases the usual first law of thermodynamics is useful; i.e. the cosmological constant remains a true constant and we do not have to go in the extended phase space formalism. In this paper we also describe these cases in terms of thermogeometry. In this regard, it should be pointed out that there are some sporadic attempts [42-44, 48, 49] in the T − S picture as well as in the Y − X picture [42] ; but none of them are complete in the sense that both the conditions were not being dealt with and were confined to a particular black hole metric. Here we shall give a complete description of all the existing pictures without invoking any spacetime. Therefore our analysis is much more robust and very general.
We organize our paper as follows. In the following section we shall describe the P-V criticality, constructing a pair of thermodynamic metrics in a Legendre invariant way and then showing that the two mentioned condition of the critical point will imply the divergence of the Ricci-scalars of the two thermodynamic metrics. On the following two sections, it will be examined whether one can give the geometric interpretation in the T − S and Y − X criticalities in the same way or not. It will be shown that one can really give geometric description in the same way for these two criticalities as well. Thereafter, the conclusion of our analysis will be given. To make our paper self-sufficient and, since, there is a the lack of complete derivation, we shall give the proof of the first law in the appendix for the AdS black holes with varying cosmological constant using the Wald's formalism (i.e. Lagrangian prescription).
Notations: P , V , T and S refer to the pressure, thermodynamic volume, temperature and entropy, respectively. We denote X i as the potential corresponding to the charge Y i . For example X i can be electromagnetic potential, angular velocity, etc whereas Y i includes electric charge, angular momentum, etc.
II. P -V CRITICALITY IN THERMOGEOMETRIC PICTURE
In the usual thermodynamics, the critical point is the extreme point of the vaporization curve (in the P -T pahse diagram of the van der Waals gas). The gas above the critical temperature cannot be liquefied and, therefore, only one state exists which is the gaseous state. Mathematically, the critical point of the van der Waals gas system represents a particular point in the P -V diagram of the critical isotherm where the tangent vanishes as well as the maxima and the minima of the P vs V curve meet to form a inflection point. Therefore, at the critical point the two independent conditions coincide; i.e.
The same discussions can be applied for the black holes as well because it has been found that the P -V diagram of the AdS black holes at constant temperature and charges looks identical to that for van der Waals gas system when one interprets the cosmological constant as pressure (P ) (See [22] and for the review see [23] ). Consequently, the critical conditions are obtained by setting (∂P/∂V ) T,Yi = 0 = (∂ 2 P/∂V 2 ) T,Yi . In this section, we want to obtain the geometrical interpretation of those conditions in terms of the thermogeometrical metric. We have already mentioned that the critical point refers to the singular behavior of the scalar curvature of the thermogeometrical metric. Here, our aim is to investigate such possibility for the P -V criticality of the AdS black holes. Let us now find out the relevant thermogeometrical metric in a Legendre invariant way. The approach here will be adopted similar to [30, 34] .
A. The first condition: (
For the first condition, we found out the proper thermodynamic quantity to start with is the Helmholtz free energy F which is the function of V , T and Y i as shown later. The underlying motivation of choosing the Helmholtz free energy as the appropriate quantity will be understood from the main analysis. Since in this case the black hole mass M is identified as the enthalpy [8] , the internal energy is given by E = M − P V and the free energy is defined as
The first law of the black holes under the AdS background with the role of the cosmological constant as the pressure is given as
In the maximum cases, this has been obtained by explicit use of a black hole metric. Also there is a Hamiltonian approach [8, 50] for general cases. In the appendix A, we have given the Lagrangian analysis to derive the first law of an AdS black hole in a metric independent way. Although, we found an earlier work in this regards [51] , we discuss it in a more rigorous way and to do this we adopt the Wald's formalism [52] in absence of any hair. Inclusion of the existing hairs in the black hole is very standard which leads to the expression (2). Using this and (1) one gets
i.e. F is function of V , T and Y i . Therefore, the conjugate quantities corresponding to these variables are
Note, in this case our thermodynamic potential is the function of both the extensive variables (V , Y i ) and the intensive variable (T). We define a thermodynamic phase space T with the coordinates Z A = {F,X a ,P a } wherẽ X a = {V, T, Y i } are the thermodynamic variables and P a = {F V = −P, F T = −S, F Yi = X i } are the the conjugate variables. Note, the conjugate variables are the functions of the thermodynamic variablesX a . The approach which we shall follow here is developed by Hermann [53] and Mrugala [54, 55] , and it was followed later by Quevedo [30] [31] [32] [33] [34] [35] [36] extensively. We identify the fundamental one form on the phase space T in F representation as
with δ ab =diag(1,...,1). If one defines a thermogeometrical metric G
) would define a contact Riemannian manifold when it satisfies θ F ∧ (dθ F ) 3 = 0, where the operation ∧ means the exterior product and (dθ F ) 3 = dθ F ∧ dθ F ∧ dθ F . Let there be a subspace E, the coordinates of which areX a . We assume there exists a smooth mapping ϕ F : E → T . The subspace E is called the space of equilibrium states if ϕ * F (θ F ) = 0. It means each thermodynamic system in equilibrium possess its own space E. The fundamental Gibbs 1-form of (5), when projected on E with the pullback of ϕ, generates the first law of thermodynamics and the conditions for thermodynamic equilibrium. Note, while single charge is present in the theory, T and E is seven-and three-dimensional respectively. But, when multiple charges are present, the dimension of T and E depends on the number of charges.
To give the geometrical interpretation one has to define a metric properly. The recent trend of developing a thermogeometrical metric is to define the metric in a Legendre invariant way for obtaining physically consistent result. In our case, the Legendre transformations are defined as
Now, one can choose a Legendre invariant metric in many ways. One possible form can be:
where η cd =diag(-1,...,1), λ is arbitrary Legendre invariant function ofX a and ξ ab is arbitrary constant diagonal function. Here, for the shake of simplicity, we take λ = 1, and ξ ab =diag(1,...,1). Thus, the simplified form can be written as
Note, while forming the metric we multiply the variables with their conjugate ones to get the dimensionally consistent result. One can check the above metric is Legendre invariant from the definition of the Legendre transformation (6) . The metric when induced on E by means of G
), it yields
where in the above we use the fact that the conjugate variables are the functions of the thermodynamic variablesX a . Now, one can verify that the exact nature of divergence of the Ricci scalar on F V V turns out to be
This can be observed from the explicit expression of the Ricci-scalar for a single charged metric. Although, for the presence of the multiple charges, the exact form of it can not be given but, the nature is exactly the same like the simple one. For the presence of the single charge, the expression of the scalar curvature is explicitly provided in the Appendix B (see (B2)). The metric coefficients can be identified as
Now the expression (B2) tells that the Ricci scalar diverges as O(1/f 2 ). As f is given by the first equation of (11), one obtains (10). Since P is given by the first relation of (4), we have ∂P/∂V = −F V V . Therefore, one of the two conditions of determining the critical point of the phase transition leads to the vanishing of F V V and, consequently, the calculated Ricci-scalar diverges. Later, we shall give an explicit example to make more elaborative comments on these discussions. Therefore, we conclude that the vanishing of the tangent condition is equivalent to the divergence of the Ricci scalar of the thermogeometry in F picture and this is an invariant statement as the quantity is a scalar. In the below we shall concentrate on the other condition.
Before going to the next analysis, let us mention that the thermodynamic metrics for the later purposes will be constructed in a similar manner as has been done in this section. We shall follow the definition of the metric mentioned in (7) with proper identification of the variables X a , corresponding conjugate quantitiesP a and proper thermodynamic quantity (instead of F ) along with the constraint (6) to construct it in a Legendre invariant way.
B. The second condition: (
To get the geometrical interpretation of the second condition (point of inflection) let us take pressure as a function of the volume, the temperature and the charges, i.e.,
Here also we define the thermodynamic phase space T with the coordinates Z A = {P,X a ,P a } whereX a = {V, T, Y i } are the variables andP a = {P V , P T , P Yi } are the corresponding conjugate quantities of those variables. As done earlier, we again choose a metric properly in the θ P invariant form with θ P = dP − P V dV − P T dT − i P Yi dY i . Again we consider the subspace E having the coordinatesX a . Also we assume a smooth mapping ϕ P : E → T and the subspace E is called the space of equilibrium states if ϕ * P (θ P ) = 0. Let us take the same definition of (7) to form the metric with F being replaced by P . In this case which yields:
The metric is Legendre invariant according to the definition (6) with F being replaced by P . For G
) one obtains
Again, to obtain the above equation, one has to use the fact that the conjugate variables are the functions of the variablesX a . The metric is quite identical in form as the previous one (see (9) ). Here also, by the earlier argument, the nature of divergence of the Ricci scalar on
When the van der Walls system reaches to the critical point, then the condition of the point of inflection gives (∂ 2 P )/(∂V 2 ) = P V V = 0, implying the Ricci scalar for this metric diverges.
In the above, we have presented the explicit form of two Legendre invariant thermogeometrical metrics: One is in F -picture and the other one is in the P -picture. The first one describes the condition ∂P/∂V = 0 as the divergence of the corresponding Ricci-scalar while the other one gives the same result for ∂ 2 P/∂V 2 = 0. Hence, we conclude that the van der Waals like critical point of a black hole can be equivalently analyzed by properly defined thermogeometry.
Let us now make a comment on the above analysis. When we are saying that the Ricci scalar diverges at the critical point, we are assuming that the numerator does not vanish at this point in all cases. If such situation arises, then one has to be careful. Since it is 0/0 form, may be L'Hospital's rule can help to conclude. We shall take an explicit case where such situation would not arise. Let us discuss for the simplest example. Consider the Reissner-Nordstrom AdS (RNAdS) metric:
withf (r) = 1 − (2M/r) + (Q 2 /r 2 ) + (r 2 /l 2 ) where, M , Q and l being the mass, the electric charge (≡ Y ) and the AdS curvature radius (related to the cosmological constant as Λ = −3/l 2 ) respectively. The conjugate variables for the invariant θ F picture can be written in terms of the thermodynamic variables as
with the relation of the event horizon radius r + = CV 1 3 , where C = (3/4π) 1 3 . Since in this case F T T = 0 = F T Q , the thermogeometrical metric (9) takes reduces to
which is a two dimensional metric. Now, the calculation of the Ricci-scalar becomes very straight forward, which is given by the relation
It is very obvious that the Ricci-scalar diverges as O(1/f 2 ). But, one should verify whether the numerator vanishes at the critical point. The critical values of the thermodynamic quantities can be obtained satisfying the two criticality conditions (i.e., F V V = P V V = 0). One can find the numerator (i.e., A(f 2 Q − f V A V )) of the Ricci-scalar gives small finite nonzero result for the critical values. But, not surprisingly, the total expression of the scalar curvature diverges at the critical point again.
For the geometrical description of the point of inflection of an RN-AdS black hole in the invariant θ P picture the metric (14) becomes
The above one is again a two-dimensional metric as the other metric coefficients containing P T T and P T Q vanish in this case. Calculation of the Ricci-scalar is again very straight forward yielding
Again the scalar curvature diverges as O(1/h 2 ). Here also, one can verify whether the numerator vanishes at the critical point. One can find that for the critical values, the numerator of the Ricci-scalar (i.e., w(h 2 Q − h V w V )) gives small finite nonzero result. But, the total expression of the scalar curvature diverges.
In this section, we have elaborately described the procedure to provide the geometric description of the black hole criticality at the extended phase space. Besides the P -V criticality, as we have mentioned earlier, there are also the T -S criticality and the Y -X criticality in the non-extended phase space. In the following sections we shall find whether the previous arguments of the P -V criticality in the extended phase space is also applicable for these two criticality of black holes in the non-extended phase space as well.
III. THE T -S CRITICALITY
Recently, there are many works that deals with the T − S criticality [40, 41, 44] of the black holes. The criticality, as said, comes due to the fact that both the P − V and the T − S space are dual. The expression of the pressure and the temperature comes from the same relation of black hole temperature [40] and the criticality conditions also looks alike both in P − V and T − S pictures. In the T − S phase space the conditions are (∂T /∂S) Yi = 0 = (∂ 2 T /∂S 2 ) Yi . In this case, one expresses T as a function of S and Y i . We shall show here that our method, presented in the earlier section to give the geometrical description of the critical point, can also be used for this criticality as well.
Let us first concentrate on the first condition. Here the relevant thermodynamic potential, as will be justified by the main analysis, is the internal energy E(S, Y i ). The first law of the black hole ( in the non-extended phase space) is given as dE = T dS + i X i dY i , where E is identified as the black hole mass M . Hence, the thermodynamic variables areX a = {S, Y i }. Also, the conjugate variables areP a = {T, X i } with T = E S and X i = E Yi . The thermodynamic phase space T have the coordinates
The Legendre invariant metric, following the definition of (7), can be written as
) can be written as
with
For this multi-dimensional metric, if one calculates the scalar curvature it diverges at the critical point as E SS vanishes at that concerned point. Also, like the earlier case, the maximum divergence of the Ricciscalar is proportional to the square inverse of E SS i.e., R
. For better understanding we assume the presence of the single charge rather then multiple ones. Taking this liberty, the metric gets the form:
Again the scalar curvature can be calculated for this two dimensional thermogeometrical metric very straight-forwardly, which is given as-
The above shows that R
. Now ∂T /∂S = M SS = 0 at the critical point. So, the Ricci-scalar diverges for this metric at the critical point. Thus, one condition gives the singular Ricci scalar at the critical point. Let us look at the other condition of the T -S criticality.
As done earlier, to give the geometric interpretation of the second condition, one has to express the temperature as a function of the entropy S and the charges Y i , thereby
We define the thermodynamic phase space T with coordinates Z a = {T,X a ,P a }, withX a = {S, Y i } being the thermodynamic variables andP a = {T S , T Yi } being the corresponding conjugate variables. The thermogeometrical metric can be defined as (27) which is Legendre invariant with θ T = dT − T S dS − i T Yi dY i . Let there be the subspace E with a smooth mapping ϕ T : E → T and the subspace E is called the space of equilibrium states for ϕ * T (θ T ) = 0. So, the metric induced on E by the relation G
) can be written in the form
The metric is identical to the previous one. Therefore, the earlier discussion is befitting in this case as well. So, the scalar curvature diverges at the critical point for this set up as well with the maximum divergence being proportional to the inverse square of T SS , i.e., R
. Thus we can see that the two criticality conditions in the T -S picture of the non-extended phase space corresponds to the two singular scalar curvature. In other words, one can say that the T -S criticality of the black holes can be obtained when the scalar curvature diverges simultaneously in the two pictures.
IV. Y -X CRITICALITY
Besides the P − V and the T − S criticality, for the black holes there are also the Y − X criticality as shown in some recent works (for eg. [47] ). This criticality is also described in the non-extended phase space and the conditions, like the earlier ones, are (
The appropriate quantity to start with is the Gibbs free energy to form the thermogeometrical metric for the first condition. The Gibbs free energy of the black holes is defined as G = E − T S − i X i Y i (see [56, 57] ), where E = M in this case. Using the first law dE = T dS + i X i dY i , one obtains dG = −SdT − i Y i dX i . The thermodynamic phase space T can be defined by the coordinates Z a = {G,X a ,P a } withX a = {T, X} is the thermodynamic variables and P a = {G T = −S, G Xi = −Y i } is the corresponding conjugate variables. Also, we assume the subspace E with the smooth mapping ϕ G : E → T and E is called the space of equilibrium states for ϕ * G (θ G ) = 0. Like our previous cases, we want to define a thermogeometrical metric in a Legendre-invariant way (induced on E for ϕ * G (θ G ) = 0) which is given as
At the critical point, since G XiXi = −∂Y i /∂X i , we have vanishing of G XiXi . Therefore, like the previous cases, the scalar curvature corresponding to this metrics becomes singular and the maximum divergence of the scalar curvature is proportional to the inverse square of G XiXi i.e., R
. To give the geometric interpretation of the second condition we express the charge Y i as a function the existing potential X i and temperature T i.e.,
The Legendreinvariant metric is given as (which is induced on E and E is defined as the same way as done earlier)
Now, the metric elements h ′′ iii (T, X i ) vanishes at the critical point as Y iX i Xi = 0 at that concerned point. Therefore, like the earlier cases, the scalar curvature diverges at that point with the maximum divergence being proportional to the inverse square of Y iX i Xi i.e., R
. So, at the critical point, the condition (∂ 2 Y i /∂X 2 i ) T = 0 yields the divergence of the Ricci-scalar.
Thus we see, for each criticality we can obtain two sets of metrics and the corresponding Ricci-scalars. In every situation, the critical point is determined by the divergence of these scalars. For the P − V criticality has been discussed in extended phase-space; whereas others are in usual phase-space. This is the consequence of the original description of criticalities in different situations.
V. CONCLUSIONS
The fact, that the black hole horizons have the thermodynamic structure, is now well established and is universally acknowledged. Even in our previous work [58] , we have shown that the thermodynamic structure is still maintained for the time-dependent black holes as well, though lots of complexities arises into the analysis due to incorporating the time dependence into the theory. Apart from the idea that the governing equations of the black hole physics having a thermodynamic structure, physicists were keen to know since long whether all the facets of the conventional thermodynamics is followed by the black holes as well. One of the conspicuous outcome of the analysis resulted in the conclusion that the critical behavior of the usual thermodynamic system can also be found in the black hole mechanics as well. To fit the criticality properly in the black hole thermodynamics, it became important to describe the criticality in terms of the geometry. In this spirit, Weinhold and later Ruppeiner appeared with the idea of the formation of the thermogeometrical metric to describe the thermal interaction in terms of the curvature of the geometry. The two theory gives the inconsistent inference to each other which is believed to come due to the fact that those two proposed theory was not formed in a Legendre invariant way. Later, Quevedo et al. was able to formulate the thermogeometrical metric in a Legendre invariant way to describe the phase transition in a geometrical way. In the study of the black hole criticality, there are two distinct approaches: one approach is concerned about the behavior of the heat capacity and the inverse of the isothermal compressibility, the two quantities which diverges at the critical point. The other one discusses the phase transition in the AdS background with the role of the cosmological constant as pressure in the extended phase space. Unlike the usual thermodynamic cases, for the black holes one can find P-V criticality, T-S criticality and also the Y-X criticality as mentioned earlier.
There had been made multiple isolated attempts to explain those criticality in a geometrical way. Those attempts mainly highlights the criticality as the point of diverging heat capacity rather then one as a point of inflection and so far, as we know, no work could explain all these criticality in a unified way.
In this work, we have given the geometrical description of the critical point as a point of inflection and the whole work is independent of any particular spacetime. Moreover, the analysis can explain all the criticalities in a unified way. Besides, we have followed the recent trend of defining the metric in a Legendre invariant way to avoid the inconsistency in the result. For the P-V criticality, we have taken the Helmholtz free energy (F) in the extended phase space and have defined our thermogeometrical metric in the invariant θ F picture. It has been shown that the scalar curvature diverges at the critical point while satisfying one criticality condition i.e. (∂P/∂V ) T,Y = 0. For the another condition, i.e., the condition of the point of inflection, the pressure is expressed as a function of volume, temperature and the charges and the metric has been defined in invariant θ P picture. In this case as well one gets the singular behavior of the scalar curvature at the critical point. Later, it has been shown that the previous discussions can further be extended for the other criticalities (T-S and Y-X) as well. For the T-S criticality, the Helmholtz free energy is replaced by the internal energy (E) in the non-extended phase space and the metric is defined in invariant θ E picture to get the singular behavior of the thermogeometrical metric at the critical point. The second metric for this criticality is made on the invariant θ T picture. It has been shown that the scalar curvature in that picture also diverges at the critical point of the T-S criticality. The same procedure has been followed for the Y-X criticality as well where the two metrics were formulated in θ G (G being the Gibbs free energy) and θ Y picture and the Ricci-scalar corresponding to these metrics diverges at the critical point.
Here we want to mention the fact that in the most of the works people takes the thermodynamic potential as the function of the extensive variables to form the thermogeometrical metric. For the ordinary system in the thermodynamics, the fundamental equation comes from the internal energy which is the function of the extensive variables only. But, for the non-ordinary system such as black holes, the fundamental equation might come from the thermodynamic potential which is a function of both the extensive and the intensive variables as we have seen here. Although, [31] only discusses this issue in a brief, but it has also taken the thermodynamic potential as the function of only the extensive variables. Also, [32] takes the thermodynamic potential as the function of both the extensive and the intensive variables (see eq. 6.14)
2 . We want to mention it clearly that taking the thermodynamic potential as the function of the extensive variables has nothing to do with the Legendre-invariance. Moreover, apart from defining the thermogeometrical metric in the thermodynamic potential picture (such as in F , E, G etc.), one can also define it in thermodynamic variable picture (such as in S picture which is done in [31, 34] ). Here, we have done the same to describe the point of inflection. But unlike in S-picture, the thermodynamic variables in our cases are both the intensive and the extensive variables. Again, it has no connection with the Legendre invariance, the only condition which we have given the utmost importance in our analysis.
Let us make some additional comments. In the T − S and the Y − X cases, the critical point is determined by the conditions in which Λ = −3/l 2 is kept constant (where l is the AdS curvature radius). Therefore, one is not needed to go to the extended phase space for these cases. The usual first law is well enough to describe the criticality. However, it should be remembered that this criticality can be described only for the AdS black holes and not for the asymptotically flat black holes as the critical temperature at the asymptotic flat limit (l → ∞) vanishes and the charge and the entropy diverges (for an explicit example see Eq.(3.14) of [41] ). Therefore, the AdS nature of the black hole is required. On the other hand, the arguments made in the sections II A and II B are not applicable for the asymptotically flat black holes. The reason is in these cases cosmological constant Λ = 0 and hence there is no pressure term in first law of thermodynamics (note pressure is defined by the relation P = −Λ/8π). Due to the absence of the pressure term, the question of presence of the P − V criticality does not arise.
Another very interesting point may be worth mentioning. There are some works [60, 61] which discuss the thermodynamic instability of the black holes and also argues how the thermodynamic instability is connected to the dynamical instability. For the normal (non-extended) phase space, there is a prescription which says that the thermodynamic and dynamical instability implies B < 0 under certain conditions (for details and the definition of B see [61] ). The quantity B is called "canonical energy". Now it has been proved that if there exists a turning point (see [61] for the definition) in the system, there must be a thermodynamic instability on one side of that turning point. For the present case, note that the critical point is not an extrema rather a point of inflection and, hence, it is not a turning point. Therefore, we can not apply this theorem to discuss whether there exists any thermodynamic instability in the current scenario. So one needs to go back to the basic condition (i.e. the condition on B) to explore such possibilities. Now remember that the P − V criticality appears in the extended phase space. Therefore in this case, one needs to construct the proper quantity like B from the first principle; i.e. one is needed to start from the scratch and all these prescriptions should be revamped. Of course, the cases like T − S and Y −X can be discussed in the already existing framework by explicit use of the particular black hole metric. Considering it to be a wonderful and sizable future work, we have kept aside the discussion of the dynamic and the thermodynamic stability for the future and have focused ourselves for the geometrical description of the critical point in a metric independent way.
To sum up, we estimate the critical point as a point where the Ricci-scalar of the two different pictures diverge simultaneously. The importance of our analysis lies on the novelty in the ideas which is discussed throughout the paper. Most importantly, we have geometrically described the critical point in terms of the point of inflection which is completely new. The analysis must give more inputs in both van der Waals like phase transition for AdS black holes as well as geometrothermodynamics. Hope we shall provide more insights later in this regards.
The first law of black hole mechanics for a AdS black hole with varying cosmological constant has been demanded in the earlier works in the form mentioned in (2). Most of the earlier works does not provide a rigorous proof of this law. In the above mentioned thermodynamic relation, M is the black hole mass which is interpreted as the Enthalpy of the system. Also, X = {Ω, φ} and Y = {J, Q} with Ω, Φ, J and Q being the angular velocity, electric potential, angular momentum and electric charge (that includes all the charges due to the symmetry as well as the hair in the system) respectively. Following is the rigorous proof of the earlier demand. For the simplicity of the calculation we shall not incorporate the charge in the proof of the first law.
The action of a AdS black hole with varying cosmological constant reads
To obtain the equation of motion and the boundary term one has to take the variation of the total action. Here it leads to the result
where
Rg ab is the well known Einstein tensor and δv
For the diffeomorphism symmetry x a → x a + ξ a the operation of δ is replaced by the Lie-derivative £ ξ , with
where we have used Λg
a ∇ a Λ = −2∇ a (ξ a Λ) since Λ is a scalar. Also, for the diffeomorphism symmetry, the left hand side is given by £ ξ ( √ −gL) = √ −g∇ a (Lξ a ). Therefore, finally one obtains
Where one can obtain the explicit expression
So, the conserved Noether current for the diffeomorphism symmetry can be identified as
Using the results 2G
and the earlier mentioned expression of £ ξ v a , the above equation (eq. (A5)) yields
, thereby obtaining the antisymmetric Noether potential as
Note, although the Noether current J a depends on the cosmological constant Λ, the Noether potential is independent of it. Also notice that the expression of the Noether potential does not change when one takes Λ as a pure constant or even when one does not take Λ in the theory. Later we shall show that the entropy and the energy of the black hole system directly related to the Noether potential. Therefore, it can be concluded that those quantities are exempted from any change due to Λ. Also notice that to obtain the above expression we never took the help of Einstein's equations of motion. So it is an off-shell result.
On-shell one finds G 
which implies
(A8) Let δ represents arbitrary field variation (here the variation of the metric tensor g ab and the cosmological constant Λ) that does not affect the vector ξ a . So, δξ a = 0, but δξ a = 0, then using (A2) we obtain
Let us calculate the above variation on-shell. which gives
Using straight forward calculation one can obtain
Let us now denote
The significance of ω a will be explained later in our discussions. Therefore, using this convention one obtains
Which implies that
To realize all the things properly let us take the refuge of the classical mechanics. From the classical calculations one can obtain δL(q,q) = [(
. where the first term is the equation of motion, that vanishes on-shell and the last term is the temporal derivative of the boundary term, which let us denote as v. Let us now adopt the conventions
Using this conventions the variation of the Hamiltonian can be written as:
Let us now try to realize the physical significance of the term ω a . But before that, to compare ω a with the classical term, let us take the one-to-one correspondence in the following way.
Let the metric tensor g ab corresponds to q in the classical mechanics. The arbitrary variation of the metric tensor δg ab corresponds to δq and the Lie-derivative of the metric tensor £ ξ g ab corresponds toq. Following this convention one can write
So, using the above mentioned convention in (A17) if one compares (A12) and (A16) one actually finds (apart from the normalization factor 1 16π ) ω a corresponds to δH, where H is the Hamiltonian density. So, variation of the total Hamiltonian is given as
where c is the Cauchy surface. To obtain the last step we use J a = ∇ b J ab in (A14), where J ab is the antisymmetric Noether potential. Here dΣ a = n a √ hd 3 y is the infinitesimal surface area of three dimensional hypersurface with h being the determinant of 3-metric and n a being the normal to the surface. Let us now replace the cosmological constant Λ by the pressure. In case of AdS black hole, the pressure is identified as P = −Λ/8π. After converting the volume integral to the surface integral, one can write (A18) as
where the new surface integrations are to be done on the on a bifurcation surface H and at 2-dimensional boundary of c at asymptotic infinity (i.e., ∂c ∞ δS from the Wald's prescription with κ as the surface gravity. The second and the third term as a whole contributes as δM − Ω H δJ (see [52] for rigorous discussion). Now, let us concentrate on the last term; i.e. c dΣ a ξ a of (A19). The mentioned integral can be written further as H √ hd 3 yn a ξ a − ∞ √ hd 3 yn a ξ a where the first term is calculated at the horizon and the second term is evaluated at the asymptotic boundary. One finds that the first integral gives a finite result, whereas, the second term appears as a diverging one. To remove this divergence one needs to adopt the regularization procedure. Usually in the literature there are two prescriptions. One is adding a counter term in the action such that its contribution removes the divergence. Another one is to use the background subtraction method. In this case the background contribution removes the divergence and we get a finite volume. The addition of the extra term can be justified due to the fact that one can always introduce a total derivative term along with the actual Lagrangian as the governing dynamics is unaltered or due to the fact that the Noether potential (J ab ) is not uniquely determined (one can include arbitrary anti-symmetric tensor with it, when the divergence of that arbitrary term vanishes). Therefore, one has the freedom to include a term in the Lagrangian or in the Noether potential such that the mentioned divergence at the infinity can be removed. Hence, considering the covariant definition of the volume V as
where, the term containing (n a ξ a ) BG is considered as the "background contribution" to obliterate the divergence, we interpret the last term of (A19) as −V δP . This volume, in literature, is usually called the thermodynamic volume. If one calculates (A20) for the example (15) it reduces to V = 4πr 3 + /3 which has been used in (16) . The pressure is given purely by the consmological constant and, hence, here it is given by P = −Λ/8π. The similar prescriptions have been adopted in [8, 51] .
Therefore, from (A19) one obtains the desired result δM = T δS + V δP + Ω H δJ ,
as one can identify T = κ 2π being the black hole temperature. Thus the relation obtained in this analysis is the first law for the AdS black hole with varying cosmological constant. Here we have not incorporated any hair in this theory for the simplicity of the calculations. As we mentioned earlier, inclusion of hair gives the well-known contribution and, ultimately, the final expression while considering all the hairs is given by (2) . Our analysis matches with our earlier demand in that equation. One important comment in this regard is that here we shall interpret M as the enthalpy rather then the internal energy of the system to compare the AdS black hole with the fluid system. Remember in the usual fluid system the enthalpy gives the measure of energy to create the system (i.e., the internal energy) added with the amount required to establish the pressure and the volume of that system. Thus the role of black hole mass is also changed in the description of the black hole thermodynamics in the extended phase space.
The fact, that the Noether potential is independent of the cosmological constant, has earlier been studied in [62] . But, in that case, the cosmological constant (Λ) has been taken as a proper constant and, consequently, it does not appear in the potential. But, in our case, we have taken the variation of the cosmological constant along with the metric tensor to derive the first-law of the AdS black holes in the extended phase space. We have shown although the Noether current depends on the cosmological constant, the potential does not depend on it even for the off-shell case. In this regard, the interesting point to be noted is that the expression of the entropy and the mass-energy in the extended phase space is identical to the non-extended-phase space as the expression of the Noether-potential is the same in both the cases. However, in our case, the mass is taken to be finite whereas in [62] the conditions for its finiteness and conservation have been systematically discussed.
Note added: During the preparation of our final draft, a paper appeared in arXiv [63] which also discusses the derivation of the first law of thermodynamics for an AdS black hole with varying cosmological constant by the Lagrangian approach. The main difference of our analysis with that work is that we are following the Wald's formalism whereas it deals with the quasi-local Abbott-DeserTekin (ADT) formalism in the analysis. Moreover our current (A5) as well as the potential (A6) are off-shell. 
The Ricci scalar is found out to be (calculated by Mathematica 11)
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